In this article, we study the magnetic moment of the pentaquark state Θ + (1540) as diquark-diquark-antiquark ([ud] 2s ) state with the QCD sum rules approach in the external electromagnetic field. The numerical results indicate the magnetic moment of the pentaquark state Θ + (1540) is about µ Θ + = −(0.134 ± 0.006)µ N .
Introduction
The observation of the new baryon Θ + (1540) with positive strangeness and minimal quark content ududs [1] has motivated intense theoretical investigations to clarify the quantum numbers and to understand the under-structures of the exotic state [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15] . Through the pentaquark state Θ + (1540) can be signed to the top of the antidecuplet 10 with isospin I = 0, the spin and parity have not been experimentally determined yet and no consensus has ever been reached on the theoretical side [2, 3, 4, 5, 6, 7, 12, 13, 14, 16, 17, 18, 19, 20, 21, 22] . The discovery has opened a new field of strong interaction and provides a new opportunity for a deeper understanding of low energy QCD especially when multiquarks are involved. The magnetic moments of the pentaquark states are fundamental parameters as their masses, which have copious information about the underlying quark structures, can be used to distinguish the preferred configurations from various theoretical models and deepen our understanding of the underlying dynamics. Furthermore, the magnetic moment of the pentaquark state Θ + (1540) is an important ingredient in studying the cross sections of the photo-or electroproduction, which can be used to determine the fundamental quantum number of the pentaquark state Θ + (1540), such as spin and parity [23, 27] , and may be extracted from experiments eventually in the near future.
There have been several works on the magnetic moments of the pentaquark state Θ + (1540) [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] , in this article, we take the point of view that the Θ + (1540) baryon is diquark-diquark-antiquark ([ud] 2s ) state with , I = 0 , S = +1, and study its magnetic moment with the QCD sum rules approach [35] .
The article is arranged as follows: we derive the QCD sum rules in the external electromagnetic field for the magnetic moment of the pentaquark state Θ + (1540) in section II; in section III, numerical results; section IV is reserved for conclusion.
QCD Sum Rules in External Electromagnetic Field
Although for medium and asymptotic momentum transfers the operator product expansion method can be applied for form factors and the moments of wave functions [36] , at low momentum transfer, the standard operator product expansion method cannot be consistently applied , as pointed out in the early work on photon couplings at low momentum for the nucleon magnetic moments [37, 38] . In Refs. [37, 38] , the problem was solved by using a two-point correlation function in an external electromagnetic field, with vacuum susceptibilities introduced as parameters for nonperturbative propagation in the external field, i.e. the QCD sum rules in the external field. As nonperturbative vacuum properties, the susceptibilities can be introduced for both small and large momentum transfers in the external fields .
In the following, we write down the two-point correlation function Π η (p) in the presence of an external electromagnetic field F αβ ,
where the Π 0 (p) is the correlation function without the external field F αβ , the η(x) is the interpolating current with the quantum numbers of the pentaquark state Θ + (1540) [6] ,
and
here the a, b, c and e are color indexes, the C = −C T is the charge conjugation operator, and the t is an arbitrary parameter. The constituents
represent the scalar J P = 0 + and the pseudoscalar J P = 0 − ud diquarks respectively. They both belong to the antitriplet3 representation of the color SU(3) group and can cluster together with diquark-diquark-antiquark type structure to give the correct spin and parity for the pentaquark Θ + (1540)
The scalar diquarks correspond to the 1 S 0 states of ud quark system. The one gluon exchange force and the instanton induced force can lead to significant attractions between the quarks in the 0 + channels [39] . The pseudoscalar diquarks do not have nonrelativistic limit, can be taken as the 3 P 0 states. At the level of hadronic degrees of freedom, the linear response term Π µν (p) can be written as
According to the basic assumption of current-hadron duality in the QCD sum rules approach [35] , we insert a complete series of intermediate states satisfying the unitarity principle with the same quantum numbers as the current operator η(x) into the correlation function in Eq. (6) to obtain the hadronic representation. After isolating the pole terms of the lowest pentaquark states , we get the following result,
For the external electromagnetic field, it is convenient to use the fix point gauge x µ A µ (x) = 0, in this gauge, the electromagnetic potential is given by A µ (y) = − 1 2 F µν y ν . The electromagnetic vertex in Eq. (7) can be parameterized as
where q = k − k ′ . From the electromagnetic form factors F 1 (q 2 ) and F 2 (q 2 ) , we can obtain the magnetic moment of the pentaquark state Θ + (1540),
The linear response term Π µν (p) in the weak external electromagnetic field F αβ has three different Dirac tensor structures,
As in the original QCD sum rules analysis of the nucleon magnetic moments [37, 38] , or in our previous work [34] , we can choose the first Dirac tensor structure {σ µνp +pσ µν }.
After preforming the integrals of the variables x, y, k and k ′ in Eq. (7), and taking the imaginary part, we obtain the phenomenological spectral density,
where the first term corresponds to the magnetic moment of the pentaquark state Θ + (1540) and is of double-pole. The second term comes from the electromagnetic transitions between the pentaquark state Θ + (1540) and the excited states, and is of single-pole. The contributions from the higher resonances and continuum states are suppressed after Borel transformation and not shown explicitly for simplicity.
The calculation of the operator product expansion in the deep Euclidean spacetime region at the level of quark and gluon degrees of freedom is straightforward and tedious, here technical details are neglected for simplicity, once the analytical results are obtained, then we can express the correlation functions at the level of quark-gluon degrees of freedom into the following form through dispersion relation,
where where e q is the quark charge, the χ, κ and ξ are the quark vacuum susceptibilities. The values with different theoretical approaches are different from each other, for a short review, one can see Ref. [41] . Here we shall adopt the values χ = −4.4 GeV −2 , κ = 0.4 and ξ = −0.8 [37, 38, 40] . In calculation, we have neglected the terms which concern the g s qG µν q and g s ǫ µνλσ qγ 5 G λσ q|0 induced vacuum susceptibilities as they are suppressed by large denominators.
From Eq. (12), we can see that due to the special interpolating current (Eq. (4)), only the s quark has contributions to the magnetic moment of the pentaquark Θ + (1540), which is significantly different from the results obtained in Ref. [34] , where all the u, d and s quarks have contributions. In Ref. [34] , the interpolating current J(x) is used,
The Borel transformation with respect to the variable P 2 in Eq. (12) is straight forward and easy,
with the squared Borel mass M 2 = P 2 /n kept fixed in the limit. Finally we obtain the sum rules for the form factors F 1 (0) and F 2 (0),
where m s is the strange quark mass and s 0 is the threshold parameter used to subtract the contributions from the higher resonances and continuum states. Here the C denotes the contributions from the single-pole terms, we can choose the suitable values for C to eliminate the contaminations from the single-pole terms to obtain the stable sum rules. Furthermore, from the correlation function Π 0 (p) in Eq. (1), we can obtain the sum rules for the coupling constant f 0 [6] ,
From above equations, we can obtain
Numerical Results
In this article, we take the value of the parameter t for the interpolating current in Eq.(4) to be t = −1, which can give stable mass i.e. m Θ + ≈ 1540 MeV with respect to the variations of the Borel mass M 2 in the considered interval M 2 = (2 ∼ 3)GeV 2 in Ref. [6] . The other parameters are taken as ss = 0.8 ūu , 
where the µ N is the nucleon magneton. From the Table 1 , we can see that although the numerical values for the magnetic moment of the pentaquark state Θ + (1540) vary with theoretical approaches, they are small in general; our numerical results are consistent with most of the existing values of theoretical estimations in magnitude, however, with negative sign. Comparing with Ref. [34] , the sum rules in the external weak electromagnetic field with different interpolating currents can lead to very different results for the magnetic moment, although they can both give satisfactory masses for the pentaquark state Θ + (1540). When the experimental measurement of the magnetic moment of the pentaquark state Θ + (1540) is possible in the near future, we might be able to test the theoretical predictions of the magnetic moment and select the preferred quark configurations. In the region M 2 = (1.5 − 5.5)GeV 2 , the sum rules for F 1 (0) + F 2 (0) are almost independent of the Borel parameter M 
Conclusion
In summary, we have calculated the magnetic moment of the pentaquark state Θ + (1540) as diquark-diquark-antiquark ([ud] 2s ) state with the QCD sum rules approach in the external electromagnetic field. The numerical results are consistent with most of the existing values of theoretical estimations in magnitude, however, with negative sign, µ Θ + = (0.22 ± 0.01) e Θ + 2m Θ + = −(0.134 ± 0.006)µ N . Comparing with Ref. [34] , the sum rules in the external weak electromagnetic field with different interpolating currents can lead to very different results for the magnetic moment, although they can both give satisfactory masses for the pentaquark state Θ + (1540). The magnetic moments of the baryons are fundamental parameters as their masses, [24] 0.12 ± 0.06 [25] 0.08 ∼ 0.6 [26] 0.2∼0.3 [27] 0.2∼0.5 [28] 0.08 or 0.23 or 0.19 or 0.37 [29] 0.4 [30] 0.38 [31] -1.19 or -0.33 [32] 0.71 or 0.56 [33] 0.362 [34] 0.24±0.02 This Work -(0.134± 0.006) which have copious information about the underlying quark structures, different substructures can lead to very different results. The width of the pentaquark state Θ + (1540) is so narrow, the small magnetic moment may be extracted from photoproduction experiments eventually in the near future, which may be used to distinguish the preferred configurations from various theoretical models, obtain more insight into the relevant degrees of freedom and deepen our understanding about the underlying dynamics that determines the properties of the exotic pentaquark states. 
